(a) Harmonic Oscillator: A Third Way
Introduction
This paper brings to attention the use of matrix to tackle time independent problems. There are
other ways to solve time independent problems such as the differential equation method and the
algebra method. The former involves a lot of algebra and makes use of power series as well. The latter
method makes use of partial differential equations and Fourier transform. A typical problem is the
infinite square well. A typical set up is made of three components, the free particle, the infinite square
well and the Harmonic oscillator potential. The goal is to determine the relationship between the
stiffness of thg harmonic oscillator and the Eigen states. Stiffness is represented by a dimensionless

o,
parameter (—).
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| will also show how to convert the Hamiltonian matrix into a simpler matrix that can be easily
diagonolized and compare that result with what we have in the book. In the case of the free particle we
shall consider a particle confined to the space enclosed by the walls of the well. The Quantum harmonic
oscillator is analogous to the classical harmonic oscillator; furthermore it is one of the few systems for
which a simple exact solution is known. A harmonic oscillator is a particle that is subject to a restoring
force that is proportional to the displacement of the particle. In classical physics this is given by

F = M8 = M 252Kt 1)

(b)The Infinite Square Well
The infinite square well potential is given by
V(x)= 0 if O0<x<a
oo QOtherwise
A Particle in this potential is completely free except at the two ends (x=0 and x=a) where an infinite
force prevents it from escaping.
In the region from zero to a the wave function must be a solution of
- +Eh“: = Ei{x) where v(x) =0

) dx

The solution to this differential equation is the free particle solution which is

|2me

Y(x) = A&+ B e = 2mE k==

But now we have to apply whatever boundary conditions we have. We know that
continuity of the wave function insists that y(0) = y(a) = 0, so,
Y(0) = A+ B and A=-B, therefore

Y(x) = Ae¥ ¥+ B e % =Asin (kx)

' (a)=Asin (ka)-0= where Ka=nm n=0, 1, 2.......positive integersi’ (x) ={A_“_ sin [%J if 0=<x<a

[ S

{0} otherwise
When this function is diagonalized to solve for the constant A. we find that4 = -\E thus

Y{x) becomes;

| n

(x) :"w.': sin (TJ n=1, 2, 3.....

These are the normalized stationary states. The new general state solution is given by
= S— iEt

Y(x) = |= sin [ . J © = Solving for the Energy, E in the above equation we get
\a .




E.=n’h*m*/2ma* This represent the Eigen values where the quantum number n takes positive
integers,n=1,2,3...............

This paper will briefly mention the steps followed to obtain the Hamiltonian matrix, and then
show a detailed solution to this matrix. The Hamiltonian is given by, Hy,= i2/2m 8%x  /dx2 + v(X)
The next step is to find the Hamiltonian matrix, diagonalize this matrix and find the Eigen values, which
are the energy values. | shall briefly highlight the steps involved in coming up with the Hamiltonian
matrix. Starting with the Schrédinger equation (H+V) |4'>=E| 1*> then apply general expansion of a wave

function in terms of a complete set of basis states, | ¥’ >=3.17—4 € ¥ > we get,
Yim=1Em (H+1)

o 2 Fa o, . AR
matrix equation %oy €y Hype, Where H . =<Wn| (Ho +V) |Wm>=3,,,,, E-“-+E Jy dx sm:__T}V(x)

Yo =E ¥m=1Cm | ¥ >, if we take the inner product of this equation we get the

. ARIX. - . . . - . 1 4 a
sin{—). This is the Hamiltonian matrix, where &,,,,, is the Kronecker delta and v(x) = -mw=x~. For
a &

easy calculation we shall divide v(x) by E; and insert it into the above integral before solving this
integral.

vix 7% R 4 x 1 . .

— = —{—)° (=—7 ) Therefore we obtain the new equation

Ey 4 “Ey a 2
- 2 -a . PR R, a1 . AT

H . =8n, Ep+ = Jjdxsin(—)— (—)? (=== )sin{ T vererrieereseeenennene (1) we need to
- = ‘3 \Z - _—

sole this equation in order to obtain the matrix 1., whixh when it is diagonalized it gives the Eigen

H z b -
i —nm o 2 T ot g & i o fied- o
values. Where 1, = . ~Omn [n Rl b)) (1 _r_-;_n_-.z]+ (1= G )(E_a’l G
™ |:_1_-?"-.+2‘?"__1 o 1 i
Where &,,,,, = ( : :| . S o)
= # [ n—m= (ntm!s

(c) Solving the Hamiltonian Matrix

First let us introduce a variable in order to have eqn (1) in like terms, let y = —— then
(ird

. dx
dv =—, so (1) becomes
[ird

2 1 5 o - p - o — )
H,. =6mn En+ = a ] dx (sinnmy)— (—) E—2 )sin(may) (y- =) (2)
- PR et R e M .
let 9=, En andv; = FT ::1—“”}3, then the above eqn becomes
% N . 1., . .
H, . =v1+2v: |, dx sin{nmy) sin{ mmy) (y- —)~ Since we have x and y in the above eqn (2)

. . L 1
we need to apply the same trick as above in order to have everything in same terms. So, let z=y- —,

then dz = dv, now we have
1

-

1ﬂ}] sin[mma{z+ )] = - (3), then

H =vq+2v; |

nm

sin[nm{z +

(%] |I|__|-1 (153

by trig. Identity we can express,sin[nm{ z +

1 - AILTL . AAT SIITL
—)] = sin{nnz) cos(—) + sin{—) cos(—), therefore

eqn (3) becomes, H,_ . =11

| g1y

. - LTI . OT BT A " LTI, . DT, LT 4
+2v;  |& [sin{nnz) cos(—) + sin(—) cos{—)] z=[ sin{mmnz) cos{—) + sin{—) cos{—)]dz...............
................................................................................................. P (4)w

The next step is to come up with tables of cos{—) and sin{—) to simplify the above integral.
nn 1 0 1 0

. I-'_"\-.
sin{=-)




n 0 1 2 3
i
P— 0 1 2 3
cos(—-)
n 0 1 0 -1

Using the above tables, eqgn (4) simplifies to;
H ::"1 +2

nm

| pa' s

- « LT ~E1TT- _— ] — AITLTD . ~LTE - .
vy |3 [cos(nmz) sin{—) +cos(—) sin{nmnz)] z-[ sin{mmnz) cos(—) + sin(—) cos{mmnz)]dz............

%]

We need to consider eqn (5) for the following cases

a. m andnareodd

b. mand nareeven

c. misodd, niseven

d. nisodd, miseven
For the cases c and d the integral evaluates to zero, while for both odd and both even cases the integral
evaluates to the same answer. Therefore we shall consider only the latter case. For the case when m
and n are both even eqgn (5) reduces to;

1)y

H, =ty +2v; |

nm

[ sin{nmz) cus::?}] z?[ sin{mmz) ms:j:n;—n}] BZ et et ssssa s (6)
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Since cos:i?} and cus:i?} does not depend on z, we pull it out of the integral. So we have;

H =ty +21; [cus::¥} cus:i?} I; [ sin{nmz) ] 22 [ Sin{mTE) 1 G2 eee e, (7) We

X}

~ELTT AT, . . .
can express the constant cos(—) cos(—) in a much simpler series form by using the table below and

figuring out the pattern.

T ITITT

n Pt m o

CDS.__EJ COSi; > J
2 -1 2 -1
4 1 4 1
6 -1 6 -1
8 1 8 1
10 -1 10 -1

M+ H

N =, [sin{nmnz) ] z?[ sin{fmmnz) ] dz
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It follows that cus:ﬁj?} ms::n:—n}= m (—=17z ), the next part is to solve |

|-1|||-1

by using trig identity this equation becomes;

rali=

]

(cos[mz(n —m)]— cos[mz{n + mJ] JZ% dZ v vev e v e et et e e e

|I
E.E'.
[
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let py =n—m,p; =n +mthen (8) becomes

Fa |

.
(] |I|__|-1 I <

o

cos[mzpy ] 2° dz—

Ea |

0T L o 2 A < - (9) At this

(%] |I|__|-1 (153

point we only need to solve one of the above integrals and the result will apply to both intergrals since
they are similar except for the even integers . We shall use integration by parts twice.




12 . .
=% cos[mzpy] z- dz, letu=z?, then du = 2zdz

) . L1
Let  dv=cos[mzpy]dz, then sm:_p;rz,u; so now we have
fsm Py TIZ) —p— I__ SIN[TIZIH] Z AT oottt et et neeeee (10), from here we
need to use mtegratlon by parts the second time.
Let u= zthen du=dz let dv=sin[mzpy]dz, v= -M, then we have

=TI

-4 sinlpymz) il pa T
-— cos [zl +———— (10) becomes, T nz] +————

o [py7z] ) (10) L g [pymz] i ]

Evaluating (10) from _Ti to%, we

get;

[—_Lsin::.’r %) +- ! - cos(m %} s sm m %}] — —_Lsm::.’r _f‘) +

PuT 2 (pam)? 2 (pam) 2 Pa 2
— — cos(m —%)— 2 sin| (m ——] This integral simplyfies to
LRI (pam)3 =

1 - —BPa-, . ~

- -cos(m =) + Lol F= e PO i I

['p_ ] ”I (pam)® " z =

Since Cosine is an even function and also % is an even function. Let us simplify (11) using the table
below
51 i &"' i _ "\

cos(m > )] COs T 3 /
2 -1 -1
4 1 1
6 -1 -1
P B \P_f
From this table cos( m ==) takes the form (- l )and so(11) reducesto (—1):z +(—1)= .....(12)
=171
Solving (12) we get, 2 % ................. (13) Since Pr=pn—m - (13) is the result of the first integral
-1z

of eqn (9), similarly the result of the second integral in eqn (9) would be, 2 o IE s (14)
Combining the two results according to eqn (9) we get,
1 -1z 1 -1z 1 -1z -1z
T[Z m] -3 [2 m], = gl ewer i I,m_m_:] .............................................................. (15)

Ean(7), H,,, =v1 +271; [ms::¥} cos(—) I; [ sin{nmz) ] z*[sin{mmz) ] dz now becomes

-—-m T+
iﬁ" -1 =z -1 = -
Hom =V1 F200 =170 (g o M s (16)
Since we already know that, v 4= &,,, En and 1 :F_ ::f_—w,u- hen (16) becomes
—m ) I-_?"-.+?‘?"'.
~ T: ‘-u.l-\.'ﬂ .T: n+m -1z -1z "

Hﬂm =0 mm E, +2: [?)‘ " ][—l 2 ][:__T:.“_m_:- T ,l] ......................................................
(17)

For the special case where m=n, (17) becomes;




H*!.'." =5-‘-"!"' :ﬂ: +§ .T: :._—_m:': [_l%][ﬂl_ _1.(”“_ ‘)]_ which gWeS
Hop =00 (0% + 22 2170 —]+(’“’” [ 1= Gy TG (18)
Where
- 1.
Gnm = (— L3 — -7 — )

= lRe—mge LRaTTy s
| J " J

when equation (18) is diagonalized we get the Eigen values which represent the energies. These
energies are plotted against the quantum numbers to produce the graph. | also plotted the graphs for
different values of the unit less parameter to see the effect of the parameter on the solutions of both
the harmonic oscillator and the infinite square well. At this point then expectation is that for low lying
states of the unit less parameter the solution should be identical to that of the harmonic potential alone
while for high energy states the solution should resemble those of the infinite square well. Using
mathematica software to diagonlaize (18) and plot graphs different graphs.

Interpreting the Graphs
For larger values of :__—"J . when the harmonic oscillator is very stiff then the harmonic oscillator Eigen

values well descrlbes the low lying states. On the other hand if the harmonic potential is very stiff, i.e.
low values of — say —= =1, then instead of the Eigen states describing a harmonic oscillator states,

there will be smaII perturbatlons of from infinite square well Eigen states. However it is important to
note that this anomaly can be corrected by choosing a much wider infinite square well. | have attached
some graphs.
Summary
The goal of this paper was to show how to solve a harmonic oscillator in quantum mechanics
using a third way, which is matrix diagonalization. Which we have successfully shown, by use of the

mathematica software. We have also realized that the unit less parameterr;—'” represents the stiffness
the harmonic oscillator potential. Large values off_—”represents stiff harmonic oscillator while small

Fiea . . . . . . .
values, say —= 1 represents less stiff harmonic oscillator potential. For less stiff harmonic oscillator

potential none of the Eigen states describes the harmonic oscillator potential.

| have also successfully arrived at the same result as the paper by Marsiglio in coming up with a
different form of the Hamiltonian matrix, which was easy to diagonalize. This was arrived at by use of
various techniques discussed in the paper such as integration by parts.
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